The first part of this paper presents actions for Dirichlet p-branes embedded in can be obtained from the 10d one by dimensional reduction.
Introduction
D-branes have become an active area of study during the past year [1, 2] . Many of their remarkable properties have been elucidated [3, 4] , and the coupling of their bosonic degrees of freedom to bosonic background fields has been worked out [5, 6] . In particular, they have provided a powerful tool for the study of black holes in string theory [7] . Very recently an interesting proposal for understanding non-perturbative 11d (M theory) physics in terms of ensembles of D 0-branes has been put forward [8] . For these reasons and more it is desirable to achieve as thorough an understanding of D-branes as possible.
It has been known for some time that D-brane world-volume theories contain a U (1) gauge field, whose self interactions are described by Born-Infeld theory [9] - [14] . However, only recently has attention turned to the study of supersymmetric Born-Infeld theories appropriate to the description of D-branes [15] - [18] . In these works the crucial ingredient is a local fermionic symmetry of the world volume theory called "kappa symmetry." It was first identified by Siegel [19] for the superparticle [20] , and subsequently applied to the superstring [21] . Next it was simplified (to eliminate an unnecessary vector index) and applied to a super 3-brane in 6d [22] . Then came the super 2-brane in eleven dimensions [23] , followed by all super p-branes (without world-volume gauge fields) [24, 25] .
The main distinction between D-branes and the previously studied super p-branes is that the field content of the world-volume theory includes an abelian vector gauge field A µ in addition to the superspace coordinates (X m , θ) of the ambient d-dimensional space-time. In the case of super p-branes whose only degrees of freedom are (X m , θ), (p + 1)-dimensional actions have been formulated that have super-Poincaré symmetry in d dimensions realized as a global symmetry. In addition they have world-volume general coordinate invariance, which ensures that only the transverse components of X m are physical, and a local fermionic kappa symmetry, which effectively eliminates half of the components of θ. This symmetry reflects the fact that the presence of the brane breaks half of the supersymmetry in d dimensions, so that half of it is realized linearly and half of it nonlinearly in the world-volume theory. The physical fermions of the world-volume theory are the Goldstone fermions associated to the broken supersymmetries.
One example of a kappa-symmetric D-brane action was derived prior to the recent works cited above. As noted in [26] , the super 2-brane action in 11d can be converted to the D 2-brane in 10d by performing a duality transformation in the world volume theory that replaces one of the X coordinates by a world-volume U(1) gauge field. This has been worked out in detail by Townsend [27] , and some of his formulas have given us guidance in figuring out the generalization to all p. (See also [28] .) One lesson of that example is that the analysis is simplified considerably by not introducing an auxiliary world-volume metric field in the formulas. Auxiliary metric fields have been included in most studies of super p-branes, though this was not necessary. If one attempted to incorporate them in the D-brane formulas, this would create considerable algebraic complications. (For a discussion of this issue see ref. [29] .) This paper has two primary purposes. The first one -the subject of section 3 -is to present formulas for D-brane actions with local kappa symmetry analogous to those of the super p-branes. These results, which were reported very succinctly in our first paper [16] , are described here in greater detail. There are a number of non-trivial identities that are required to establish kappa symmetry and other features of the theory, which were stated without proof in our first paper. In this paper we give very detailed proofs of these identities in a series of Appendices.
Like our first paper, this one only considers D-branes embedded in a flat non-compactified 10d space-time. More specifically, we assume a flat type IIA background when p is even and a flat type IIB background when p is odd. References [17] and [18] have gone further and included the coupling to arbitrary Type II supergravity backgrounds satisfying the supergravity field equations. Perhaps because of the restriction to flat backgrounds, our proofs of the identities required to establish kappa symmetry appear to be much simpler than in those works.
The second purpose of our paper -the subject of section 4 -is to choose a physical gauge in which all remaining fields represent dynamical degrees of freedom of the worldvolume theory. Specifically, we choose a "static gauge" in which p + 1 of the space-time coordinates are identified with the world-volume coordinates. In such a gauge the remaining spatial coordinates can be interpreted as 9−p scalar fields representing transverse excitations of the brane. In fact, they are the Goldstone bosons associated to spontaneously broken translational symmetries. The gauge field A µ gives p − 1 physical degrees of freedom, so altogether there is a total of 8 bosonic modes. (This counting doesn't apply to the p = 0 case, which is somewhat special.) The 32 θ coordinates are cut in half by kappa symmetry and in half again by the equation of motion, so they give rise to 8 physical fermionic degrees of freedom. The really crucial step is to make the right choice of which half of the θ coordinates to set to zero in the static gauge. If one doesn't make a convenient choice, the formulas can become unwieldy. For example, ref.
[30] studied a gauge choice for a super 2-brane in four dimensions for which the resulting gauge-fixed theory turned out to be very complicated.
Fortunately, at least for D-branes in type II theories, there is a gauge choice for the θ coordinates that leads to simple tractable formulas. Specifically, we set one of the two Majorana-Weyl spinors (θ 1 or θ 2 ) equal to zero. Then the fields of the remaining gaugefixed theory are just the gauge field A µ , the remaining θ which we rename λ, and the 9 − p scalar fields mentioned above. In particular, for p = 9 there is only λ and A µ , and the theory is a supersymmetric extension of 10d Born-Infeld theory, which can also be thought of as a self-interacting extension of 10d super-Maxwell theory. The action for this theory is surprisingly simple. Since we are proud of the result, we exhibit it here:
This theory is invariant under two supersymmetries, which are just the original global supersymmetries we started with, supplemented with compensating gauge transformations required to maintain the gauge. The explicit infinitesimal transformations are given in section 4.2. One of them, whose infinitesimal parameter we call ǫ 1 , corresponds to the supersymmetry that is spontaneously broken by the presence of the brane. It is realized non-linearly in the Volkov-Akulov manner [31] . These transformations are rather simple, and the associated invariance of the expression given above is easy to verify. The second supersymmetry (with parameter ǫ 2 ) is much more complicated. Since the ǫ 1 symmetry can be realized by a large class of formulas, and the ǫ 2 symmetry is so subtle, it would have been practically impossible to discover this action and its symmetries by "brute force." Starting from a gauge-invariant action made it possible. The unbroken supersymmetry corresponds to a combined transformation with ǫ 1 = ǫ 2 . Section 4.3 demonstrates that all other gauge-fixed D-brane actions with p < 9, which are also maximally supersymmetric Born-Infeld theories, can be obtained from this action by dimensional reduction. Ones with less supersymmetry can then be obtained by making appropriate truncations.
There have been some previous studies of supersymmetric extensions of Born-Infeld theory. For example, the special case of N = 1 in 4d has been described in a superfield formalism. This example was worked out first in ref. [32] and elaborated upon recently in ref. [33] . The latter work emphasized the fact that the theory has both an unbroken supersymmetry and a non-linearly realized broken one, as required for D-branes. In their formalism the unbroken supersymmetry is manifest and the broken one is complicated. The fact that the reverse is the case for our formula suggests that it may be rather difficult to work out the precise relationship between the two descriptions. The leading corrections to 10d (and 6d) super-Maxwell (and super Yang-Mills) theory implied by the Born-Infeld structure of the gauge fields were studied in ref. [34] . A field redefinition is required to establish the correspondence with the results obtained there. Ref. [35] studied fermionic terms in the superstring effective action by comparing to the tree-level S matrix.
Preliminaries

Superspace Coordinates
Our conventions are the following. X m , m = 0, 1, . . . , 9, denotes the 10d space-time coordinates and Γ m are 32 × 32 Dirac matrices appropriate to 10d with
These Γ's differ by a factor of i from those of ref. [36] . For this choice of gamma matrices the massive Dirac equation is (Γ · ∂ − M)Ψ = 0. In fact, our conventions are such that the quantity i = √ −1 will not appear in any equations. As is quite standard, we also introduce
The Grassmann coordinates θ are space-time spinors and world-volume scalars. When p is even, which is the Type IIA case, θ is Majorana but not Weyl. It can be decomposed as θ = θ 1 + θ 2 , where
These are Majorana-Weyl spinors of opposite chirality. When p is odd, which the Type IIB case, there are two Majorana-Weyl spinors θ α (α = 1, 2) of the same chirality. The index α will not be displayed explicitly. The group that naturally acts on it is SL(2,R), whose generators we denote by Pauli matrices τ 1 , τ 3 . (We will mostly avoid using iτ 2 , which corresponds to the compact generator.)
Global Super-Poincaré Symmetry
World-volume coordinates are denoted σ µ , µ = 0, 1, . . . , p. The world-volume signature is also taken to be (− + · · · +). The world-volume theory is supposed to have global IIA or IIB super-Poincaré symmetry. This is achieved by constructing it out of manifestly supersymmetric quantities. The superspace supersymmetry transformations are
Thus it is evident that two supersymmetric quantities are ∂ µ θ and
Another useful quantity is the induced world-volume metric
This is also supersymmetric, of course.
Many subsequent formulas are written more concisely using differential form notation.
In doing this one has to be careful about minus signs when Grassmann variables appear.
The basic rule that we use is that d = dσ µ ∂ µ and dσ µ is regarded as an odd element of the Grassmann algebra. Thus, for example,
There are various possible conventions that would be consistent. Ours, while perhaps not the most common, is convenient. Taking θ to anticommute with dσ µ allows us to keep track of just one (combined) grading instead of two. In this notation, two supersymmetric one-forms are dθ and Π m = dX m +θΓ m dθ. We also have
Wedge products are always implicit in our formulas.
D-brane theories also contain a world-volume gauge field, and so we require a suitable supersymmetric expression in which it appears. This turns out to be
where
The structure of F µν is most easily described in terms of the 
In components the formula for b becomes
This is the formula for p even. When p is odd, Γ 11 is replaced by τ 3 . A crucial feature of this choice of b is that δ ǫ b is an exact differential form. This implies that F is supersymmetric for an appropriate choice of δ ǫ A.
To be explicit, using eq. (4)
To show that this is an exact differential form, we substitute θ = θ 1 + θ 2 , using eq. (3). This
The next step is to use the following fundamental identity, which is valid for any three
Majorana-Weyl spinors λ 1 , λ 2 , λ 3 of the same chirality,
This formula is valid regardless of whether each of the λ's is an even element or an odd element of the Grassmann algebra. (Note that θ is odd and dθ is even.) It implies, in particular, that
Thus δ ǫ F = 0 if we take
3 Gauge-Invariant D-Brane Actions
As in the case of super p-branes, the world-volume theory of a D-brane is given by a sum of two terms S = S 1 + S 2 . The first term
is essentially an amalgam of the Born-Infeld and Nambu-Goto formulas. Since it is constructed entirely out of Π m and F , it is manifestly supersymmetric. The second term
where Ω p+1 is a (p + 1)-form, is a Wess-Zumino-type term. It describes the coupling of the Ramond-Ramond background field strengths to the D-brane. It is a characteristic feature of D-branes, of course, that they carry an RR charge [1] .
To understand the supersymmetry of S 2 , it is useful to characterize it by a formal (p + 2)-
which is a very standard thing to do for Wess-Zumino terms. The advantage of this is that I p+2 is typically a much simpler and more symmetrical expression than Ω p+1 . In particular,
we will eventually show that it can be constructed entirely from the supersymmetry invariants dθ, Π m , and F . This implies that the variation δ ǫ Ω p+1 must be exact, and therefore S 2 is invariant. (We are assuming that there is no non-trivial cohomology.)
The two terms S 1 and S 2 are also manifestly invariant under (p + 1)-dimensional general coordinate transformations. However, the other crucial local symmetry -local kappa symmetry -will be achieved by a subtle conspiracy between them, just as in the case of super p-branes.
Local Kappa Symmetry
Under local kappa symmetry the variation δθ will be restricted in a way that will be determined in the course of the analysis. However, we require that, whatever δθ is,
just as for super p-branes. It follows that
Equivalently, one can write
Another useful definition is the "induced γ matrix"
Note that {γ µ , γ ν } = 2G µν . These formulas imply that
To derive the formula for δF , one first uses eqs. (10) and (20) to compute
Then, to obtain a relatively simple result for δF , let us require that
The variation of F under a kappa transformation is then
or in terms of components
These are the formulas for the Type IIA case (p even). In the Type IIB case (p odd), one should make the replacement Γ 11 → τ 3 . (Γ 11 must not be anticommuted past another Γ matrix before making this substitution!) The normalization of the two-form b in the preceding section was chosen so that the formula for δF obtained in this way would combine nicely with the formula for δG in eq. (24).
Determination of S 2
Now let's consider a kappa transformation of S 1 using
Inserting the variations δG µν and δF µν given in eqs. (24) and (28) gives
For p odd Γ 11 is replaced this time by −τ 3 , since it has been moved past γ µ . Now the key step is to rewrite this in the form
It is not at all obvious that this is possible. The proof that it is, and the simultaneous determination of γ (p) and T ν (p) , will emerge as we proceed. It is useful to define
so that eq. (32) becomes
The requirement
can then be recast in the more convenient form
It is also useful to represent ρ (p) in terms of an antisymmetric tensor
or, equivalently, by a (p + 1)-form
Similarly, the vector T ν (p) can be represented by an antisymmetric tensor
or, equivalently, by a p-form
In order to achieve kappa symmetry, we require that
so that adding eq. (31) gives (1 ± γ (p) ) are projection operators, δθ =κ(1 − γ (p) ) gives the desired symmetry. In terms of differential forms, the kappa variation of S 2 is
The preceding formula and the definition I p+2 = dΩ p+1 implies that
This equation is solved by
since we will show that
A corollary of this identity is the closure condition dI p+2 = dθdT p dθ = 0.
Solution of Eqs. (34) and (36)
Let us now present the solution of eqs. (34) and (36) first for the case of p even. For this purpose we define the matrix-valued one-form
and introduce the following formal sums of differential forms (the subscript A denotes IIA)
Then the solution of eqs. (34) and (36) is described by the formulas
Thus,
and
Note that the Wess-Zumino term S 2 is given by I 2 = −dθΓ 11 dθ for the D 0-brane. The fact that it is nonvanishing, in contrast to the superparticle of [20] , can be traced to the fact that the D 0-brane is massive, whereas the superparticle considered in [20] is massless.
The proofs that these expressions for ρ A and T A satisfy eqs. (34), (36) and (46) are given in Appendices A,B, and C, respectively.
Separating positive chirality (θ 1 ) and negative chirality (θ 2 ) subspaces, ρ A and T A can be rewritten as 2 × 2 matrices
The solution for p odd is very similar. In this case we define (the subscript B denotes IIB)
The solution is given by
Thus
The quantity ρ 0 = iτ 2 may be relevant to the D-instanton, which we are not considering here.
The proofs that these expressions for ρ B and T B satisfy eqs. (34), (36) Displaying the Pauli matrices explicitly, ρ B and T B can be rewritten as 2 × 2 matrices
A Comment on Conventions
Because of certain automorphisms, some arbitrary choices had to be made in the preceding 
The Algebra of Kappa Transformations
It is natural to explore the commutator of two kappa symmetries to determine whether all the local symmetries have been identified, or whether additional ones are generated. In the case of the superstring, it was claimed that a "new" local bosonic symmetry is generated [21] .
Actually, as we will explain in the context of D-branes, this is not the case.
We have computed the commutator of two kappa transformations for the IIA p-brane theories. The result is that closure of the algebra requires using the equation of motion
which can be inferred from eq. (42). Then the commutator gives the sum of a general coordinate transformation and a local kappa symmetry transformation.
Let us recall why it is legitimate to drop the equation of motion terms in the symmetry algebra. 
gives a variation
which vanishes by symmetry for Σ ij = −Σ ji . Clearly, such a symmetry can have no significant dynamical implications. This is precisely what must always happen for the equation of motion terms in a symmetry algebra, since the commutator of two symmetry transformations is necessarily a symmetry transformation. This can be verified explicitly for the equation of motion term described above.
The Static Gauge
In theories with gauge symmetries, such as those described here, it is often worthwhile to use the local symmetries to make a gauge choice that eliminates unphysical degrees of freedom.
In general, there are many consistent choices that can be made, but some choices turn out to be much more convenient than others. This is certainly the case for super D-branes. If we want to obtain tractable formulas, it is essential to make a good choice.
In the cases p = 0 and p = 1, there exist special gauge choices that reduce the equations of motion to free field equations. In the case of p = 0, one sets G 00 = −1, together with a suitable fermionic condition such as Γ + θ = 0. In the p = 1 case, one sets G µν proportional to the Lorentz metric on the world volume η µν , and imposes a fermionic condition like that of the p = 0 case. The problem with these gauge choices is that they do not have a natural generalization to p ≥ 1 that preserves world-volume Lorentz invariance. 3 Therefore, in order to have a prescription that applies to all D-branes at once, we will consider a "static gauge" choice instead. In this gauge the world-volume general coordinate invariance is used to equate p + 1 of the target-space coordinates with the world-volume coordinates (X µ = σ µ ). The real challenge is to find a fermionic gauge condition to supplement this in the case of super D-branes. The price one pays for the universality of the prescription is that it is not apparent that the p = 0 and p = 1 cases are actually free theories.
3 For a discussion of super p-branes in the light-cone gauge see refs. [37, 38] . 4 This is only possible when there are no global topological obstructions to this identification.
The Bosonic D-Brane
To illustrate the issues we wish to address in connection with gauge fixing, it is helpful to consider first the simpler problem of a "bosonic D-brane." By this we simply mean the theory obtained by dropping the θ coordinates from the supersymmetric D-brane actions.
The equation of motion obtained by varying X m is
Similarly, the A ν equation of motion is
The general coordinate invariance of S B allows us to choose a static gauge in which the first p+1 components of X m are equated to the world-volume coordinates σ µ . The remaining components of X m will be denoted φ i . In this gauge G µν becomes
The first p + 1 of the X equations become
and the remaining φ i equations become (as a result)
Now consider the action obtained by substituting the gauge conditions directly into S B . This produces
Varying the φ i and A µ variables in this action certainly gives the correct gauge-fixed form of their field equations. The more subtle question is whether the additional p + 1 equations in eq. (72), which are associated to degrees of freedom that do not appear in S ′ B , need to be imposed as additional constraints or whether they are automatically satisfied.
To decide on the status of eq. (72), it is helpful to observe that it has the form ∂ µ Θ µν = 0, where Θ µν is the energy-momentum tensor one would form by replacing η µν by g µν in S ′ B , varying with respect to g µν , and then setting it equal to η µν . It is related to the energy- 
In these equations we have added a compensating general coordinate transformation, with parameter ξ µ = −a µ , in order to preserve the X µ = σ µ gauge. One can also deduce the induced transformation of the gauge field A µ . Up to a gauge transformation, it is
The symmetry δφ i = a i is a trivial, but significant, symmetry of the theory. It is the translational symmetry orthogonal to the brane, which is broken as a consequence of the presence of the brane. The inhomogeneity of δφ i = a i is the signal that we are dealing with a spontaneously broken symmetry, and that the φ i are the associated Goldstone bosons. The unbroken translation symmetries tangent to the brane have parameters a ρ . This symmetry is just the obvious translation symmetry of the gauge fixed world-volume theory.
Super D-Branes in Static Gauge
In the case of super D-branes we will again use the static gauge choice X µ = σ µ , described in the preceding subsection, and denote the 9 − p remaining X coordinates by φ i . The crucial question is how to use the kappa symmetry to eliminate half of the components of the θ coordinates. We have discovered a natural choice that leads to surprisingly simple and tractable formulas: we set one of the two Majorana-Weyl spinors that comprise θ equal to zero. Specifically, in the IIA case we set θ 2 = 0. The surviving Majorana-Weyl spinor, θ 1 , is then renamed λ. We could do the same thing for the IIB case. However, for the conventions that have been introduced in the preceding sections, it is more convenient to set θ 1 = 0 and θ 2 = λ in the IIB case. This will result in formulas that take the same form in both cases.
After gauge fixing, λ becomes a world-volume spinor, even though the θ's were originally world-volume scalars, as a consequence of the identification of X µ with σ µ . When p ≤ 5, the gauge-fixed world-volume theory has extended supersymmetry. In this case the 32-component Majorana-Weyl spinor λ actually represents a set of minimal spinors. However, we find it convenient to leave it alone rather than to decompose it into pieces.
To see how our proposed gauge choice works, let us consider the global supersymmetry transformations with parameter ǫ, which we now decompose into two parts called ǫ 1 and ǫ 2 .
In the IIA case ǫ 1 and ǫ 2 have opposite chirality, while in the IIB case they have the same chirality. Nonetheless, all the formulas that follow are valid for both cases (unless otherwise indicated). Since supersymmetry transformations move the variables out of the gauge, it is necessary to add compensating general coordinate and kappa transformations that restore the gauge
From the structure of ρ A and ρ B displayed in eqs. (54) and (62), one sees that the matrix γ (p) is off-diagonal in both the IIA and IIB cases. Thus we write it in the block form
There is no reason that the square of ζ (p) should be anything simple. In this notation, the requirements δθ 2 = 0 and δX µ = 0 in the IIA case become 0 =ǭ 2 +κ 2 −κ 1ζ
The above equations are solved byκ
For these choices the total supersymmetry transformations of the fields that remain in the gauge-fixed theory are
Note that the index m is a 10d index, which includes both µ and i values. The parameter ξ µ in these equations is understood to take the value given in eq. (83).
In the IIB case, one finds exactly the same set of gauge-fixed supersymmetry transformations except that the labels 1 and 2 on ǫ and κ are interchanged. Since there is no fundamental distinction between them, anyway, we simply interchange these labels in the IIB case, so that the formulas then look identical to those of the IIA case. Thus (84) describes the symmetry transformations of our gauge-fixed theory for all values of p from 0 to 9. Now let's look at the actions that result from imposing the gauge choices on the gaugeinvariant D-brane actions. Recall that the Wess-Zumino term S 2 is characterized by the (p + 2)-form I p+2 = ±dθT p dθ. The crucial fact is that T p connects θ 1 and θ 2 in both the IIA and IIB cases, so that I p+2 ∝ dθ 2 (. . .)dθ 1 , which vanishes for θ 1 = 0 or θ 2 = 0. Therefore, only S 1 contributes to the gauge fixed action. The result is
µν , and
If we have made no errors, the action S (p) in eq. (85) should be invariant under the ǫ 1 and ǫ 2 transformations given in (84). However, as a check of both our reasoning and our mathematics, it is a good idea to check this explicitly. In Appendix D we show in detail that the variation of the integrand of S (p) is a total derivative, as required. Thus we are confident that the action and the symmetry transformations are correct.
The action S (p) , which describes a p-brane in a flat space-time background, is (maximally) supersymmetric Born-Infeld theory. In particular, for the case p = 9, we obtain supersymmetric Born-Infeld theory in 10d. In this case there are no transverse coordinates φ i and the target space index m can be replaced by a Greek world-volume index. The resulting formula is given by
The supersymmetries of S (9) are given by
The transformation with parameter ǫ 1 describes the supersymmetries of Volkov-Akulov type, which are broken by the presence of the D-brane. The inhomogeneity of the ǫ 1 transformation of λ shows that it is the associated Goldstone fermion. The unbroken supersymmetries should give no inhomogeneous terms, so they must be given by a combined transformation with ǫ 1 = ǫ 2 .
The "missing" equations, analogous to those in eq. (72), arise in the IIA case from the gauge-fixed form of the θ 2 equation of motion. All terms in S 1 involve even powers of θ 2 , so their θ 2 variations vanish for θ 2 = 0. However, as we have said, the Wess-Zumino term is characterized by I p+2 ∼ dθ 2 (T p ) 11 dθ 1 . Thus, it contains terms linear in θ 2 . Indeed, using eq.
(55), the θ 2 equation of motion, evaluated at θ 2 = 0 becomes
where it is understood that the p-form (e F cosh ψ) p is evaluated for θ 2 = 0 and X µ = σ µ . We know that I p+2 is exact, a property that must hold order-by-order in θ 2 . Using this fact for the linear term, one infers that (e F cosh ψ) p dλ is exact. Thus we can write
Then the θ 2 equation of motion dJ p = 0 is interpreted as conservation of the supercurrent J p . Note that we have represented the supercurrent J µ (p) by a p-form J p . They are related in the same way that T µ (p) and T p are in sect. 3.2. In this notation, the conserved supercharge is
where Σ p is a spatial slice of the (p+1)-dimensional world-volume. The conservation equation dJ p = 0 is a consequence of the equations of motion of S (p) , just as we saw for energymomentum tensor in the bosonic theory. The analysis works the same way in the IIB case except that the equation of motion is
The two cases can be described together by the single equation
Dimensional Reduction
The set of gauge-fixed D-brane actions S (p) given in eq. (85) are related to one another by straightforward dimensional reduction. In particular, this means that starting with S (9) and dropping the dependence on 9 − p of the world-volume coordinates gives the action S (p) .
With our conventions one must identify the 9 − p scalar components of A as To demonstrate the claim given above, let us consider the dimensional reduction from
, so that the general case is implied by induction. Setting all σ p derivatives to zero and A p = −φ p , we can write M (p) in block form as
It is understood here thatμ = (µ, p) and the last row and column correspond toμ = p and ν = p, respectively. Also, the index i is summed from p + 1 to 9. All that matters in the action is the determinant of −M (p) , so we may add multiples of the last row to the other rows. Doing this with a factor of ∂ µ φ p , so as to create zeros in the upper right corner, one obtains precisely the desired matrix M (p−1) µν in the upper left block. The sum on i now goes from p to 9. This proves the compatibility of the formulas under dimensional reduction.
The supersymmetry transformation formulas have the same compatibility under dimensional reduction. However, this is a little more work to prove, because one needs to know a formula for the dimensional reduction of ζ (p) . In Appendix E we prove that upon dimensional reduction from p to p − 1 (as above)
This implies that the supersymmetry transformation formulas in (84) retain their form upon dimensional reduction for the identificationsǭ
The unbroken supersymmetry after dimensional reduction is given by a combined transformation with ǫ
2 . (Some care is required to determine the sign in each case.)
The Supersymmetry Algebra
It is interesting to examine the commutator of two supersymmetry transformations ∆ and ∆ ′ .
Since lower dimensions can be reached by dimensional reduction, it is sufficient to consider the 10d case, for which ∆ is given in eqs. (90) - (92). (The notation is that ∆ involves parameters ǫ 1 and ǫ 2 , and ∆ ′ involves parameters ǫ ′ 1 and ǫ ′ 2 .) There are two ways by which the algebra can be computed. One is to simply do it directly using eqs. (90) -(92). This calculation requires knowing ∆ζ (9) , which is rather complicated.
The second method is to use our knowledge of the relationship of ∆ to transformations of the gauge-invariant theory. Let us discuss this approach first.
The ∆ transformation consists of the global supersymmetry transformation δ ǫ plus compensating general coordinate and kappa transformations required to maintain the gauge, as described in sect. 4.2. To infer the commutator of two ∆ transformations, let us first consider the commutator of two δ ǫ transformations in the 10d (p = 9) gauge-invariant theory.
Using eqs. (4) and (16) one obtains
and a
and Λ =ǭ 
Thus, we obtain the expected translations together with a constant shift of the gauge field.
This shift can be regarded as an irrelevant gauge transformation. This is true, but on dimensional reduction, it gives rise to shifts of the scalar fields -shifts that correspond to the broken translational symmetries. Such a shift should not occur in the commutator of two unbroken supersymmetries. In fact, a 1µ − a 2µ vanishes for ǫ 1 = ǫ 2 and ǫ
, which are the conditions that we showed earlier describe the unbroken supersymmetries.
The argument we have used to obtain the preceding results depended on the equivalence of adding compensating gauge transformations before commuting ǫ transformations with adding them afterwards. This procedure must be ambiguous at least by the type of terms that we have not kept track of in the closure of the kappa symmetry algebra (see sect.
3.5). This includes terms that vanish on shell, as well as U(1) gauge transformations. We certainly know that the closure of the algebra of unbroken supersymmetries must require an equation of motion, since λ and A µ do not constitute a complete off-shell multiplet.
With these provisos, we are quite sure that the procedure used to obtain the commutators given above is correct. However, since it is rather subtle, we have also carried out some 2 )], which requires knowing ∆(ǫ 2 )ζ (9) . This is quite complicated, and we have not checked it.
Conclusion
We We wish to acknowledge discussions with S. Cherkis, J. Hoppe, R. Kallosh, D. Lowe, B.
Nilsson, and M. Perry.
Appendix A: The Proof of Equation (34) We wish to prove that the expressions we have found for
The proof is somewhat simpler for the special case G µν = η µν , where η is the flat Minkowski metric with signature (− + · · · +) in p + 1 dimensions. General covariance considerations imply that if the formula is true in this case, then it is true in general. This can be proved, for example, by introducing a vielbein to relate base space and tangent space coordinates.
In the tangent space coordinates {γ µ , γ ν } = 2η µν .
The IIA Case:
We have defined a (p + 1)-form
and represented ρ (p) as:
For p = 2k it follows from eqs. (48-50) that
The expression can be most easily examined by choosing a canonical basis for F . The point is that both sides of the the equation we are attempting to prove are Lorentz invariant, and a (p + 1)-dimensional Lorentz transformation can bring F to the special form
Since p is even, there is necessarily a row and a column of zeroes, which we have chosen to associate with the time direction, thereby making F purely magnetic. The argument works the same if there are electric components. In this basis, defining γ
where (i 1 , . . . , i k ) is a permutation of the numbers (1, . . . , k). This can be rewritten in the much more transparent form
As all the γ [2] 's commute with one another and with Γ 11 , whereas γ 0 and Γ 11 anticommute:
Therefore,
in this basis. This completes the proof for p even.
The IIB Case:
The proof for p odd is almost identical, and can be made very brief. One difference is that F has an even number of row and columns, so the canonical form has no rows or columns of zeroes. Thus, in canonical basis, F contains both electric (Λ 0 ) and magnetic (Λ i , i = 1, . . . , k) components
This time it is convenient to define γ [2] i ≡ γ 2i γ 2i+1 . Then, using eqs. (56-59), one can show that the counterpart of eq. (113) is
The square of this also gives the desired determinant.
Appendix B: The Proof of Equation (36) We wish to prove the IIA identity
The proof is the quickest in the differential form representation. By definitions (37) (38) and (39-40), eq. (118) is equivalent to:
This allows us to combine the formulas for all even p's. Using ρ A = p even ρ p+1 = e F S A (ψ) and T A = p even
we get
The key to the proof is the relation
where i eµ denotes the interior product operator induced by e µ = ∂ ∂σ µ . This is a consequence of the definition of i X , 
for an n-form ω and a vector field X. Using eq. (122), it follows directly that
It must be kept in mind that eq. (124) is a set of equations relating differential forms of order p + 1, the dimension of the world volume. As e F C A (ψ) is a p + 2 form, and therefore vanishes, we have e F i eµ (C A (ψ))Γ 11 = −i eµ (e F )C A (ψ)Γ 11 = −T A dσ ν F µν Γ 11 .
This gives the second term on the rhs of eq. (121) and completes the proof for the IIA case.
The proof for IIB is similar, except that τ 3 anticommutes with S B (ψ) which introduces an extra minus sign in the second term. This is precisely what is needed, because the IIB version of eq. (118) is
where T A is given in eqs. (48-51). We evaluate this using
where the brackets denote antisymmetrisation of all enclosed Γ matrices. Dropping an overall factor of 2e F and collecting the coefficient of 2k + 1 Π's, we can write the contribution to 
The contribution from 2δθdT A dθ has precisely the same form, except that the δ's appear in the second factor of each term. Both of the terms in (132) have the structure δθXdθdθY dθ, which involves X α(β Y γδ) . However, when dθXdθδθY dθ is added, the totally symmetric combination X (αβ Y γδ) is formed. This implies that it is sufficient to prove the vanishing of the sum of the two terms above with δθ replaced by dθ 
The two terms on the RHS of this formula have opposite symmetry in spinor indices, so only one of them survives when sandwiched in between dθ's. In the present (IIA) case, it is the first one that survives, which means that we can pull out a factor Γ m from the antisymmetrized product for free. Next, eq. (14) for Majorana-Weyl spinors in 10 dimensions implies that 
We now use eq. (134) a second time. This time only the second term on the RHS survives, because we have removed a Γ 11 , which reverses the symmetry. This leaves the negative of the first term in eq. (133), and thus the proof is complete.
The IIB proof is essentially the same.
